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A Kochen-Specker (KS) set is a specific set of projectors and measurement contexts that prove the Bell-
Kochen-Specker contextuality theorem. The simplest known KS sets in Hilbert space dimensions d = 3,4,5,6,8
are reproduced, and several methods by which a new KS set can be constructed using one or more known KS sets
in lower dimensions are reviewed and improved. These KS sets and improved methods enable the construction
of explicitly critical new KS sets in all dimensions, where critical refers to the irreducibility of the set of contexts.
The simplest known critical KS sets are derived in all even dimensions d ≥ 10 with at most 9 contexts and 30
projectors, and in all odd dimensions d ≥ 7 with at most 13 contexts and 39 projectors. These results show that
neither the number of contexts nor the number of projectors in a minimal KS set scales with dimension d.
Introduction:— Quantum contextuality, as first con-
ceived by Bell, Kochen, and Specker [1, 2], is an important
subject in the study of the foundations of quantum mechan-
ics, and has also been receiving recent attention because of
its connection to quantum advantage in quantum information
processing [3–6].
Quantum contextuality refers to the inability of a non-
contextual hidden variable theory (NCHVT) to make exact
predictions for the outcomes of all projective measurements
that also reproduce the predictions of quantummechanics. A
set of mutually orthogonal projectors may be simultaneously
measured, and we call any complete set of mutually orthog-
onal projectors a context, where completeness indicates that
the set of projectors spans the system Hilbert space. A con-
text defines a specific measurement procedure on the system,
with each projector corresponding to a particular yes/no test
that will be performed as part of the measurement. Non-
contextuality is the assumption from classical physics that
the predicted value of a given projector must be indepen-
dent of what context it is measured in (i.e., independent of
which other commuting projectors may be measured simul-
taneously).
The Kochen-Specker (KS) theorem proves that NCHVTs
cannot be consistent with quantum mechanics by exhibiting
a discrete set of projectors for which no noncontextual value
assignment of 0 or 1 to all of the projectors is possible with-
out violating the quantum rules that exactly one projector
in every complete context comprised by the set must be as-
signed a 1, and no two orthogonal projectors can both be
assigned a 1.
Specific sets of projectors with this property are called KS
sets and the first, containing 117 projectors in dimension
d = 3, was given by Kochen and Specker [2]. Since then,
many more KS sets have been found in all dimensions d ≥ 3
[7–28], some simpler, and some more exotic. The set with
the fewest projectors has just 18, which comprise 9 complete
contexts in d = 4 [13], while the set with the fewest complete
contexts has just 7, comprised of 21 projectors in d = 6 [26],
and there are good reasons to believe that these are the sim-
plest possible cases.
Because each projector in both of these KS sets belongs
to two contexts, these sets also have a particular property,
called parity, which makes the impossibility of NCHVT 0/1
assignments easy to see. A KS parity set is one in which the
R projectors comprise an odd number B of complete con-
texts in such a way that each projector belongs to an even
number of the contexts. Then a complete 0/1 assignment to
all contexts would need to have an odd number B of 1s —
one for each context, in order to obey the quantum predic-
tion, but an even number in order to obey noncontextuality,
2making such an assignment impossible. The impossibility
of noncontextual 0/1 assignments to KS sets without parity
is not generally obvious and is verified through exhaustive
computational checks.
The simplest KS sets are also critical, where a set is criti-
cal if removing any one context from it allows a noncontex-
tual 0/1 assignment to the set of projectors such that exactly
one projector is assigned the value 1 in each of the remaining
contexts. Note that this definition puts the focus on minimal
sets of complete measurement contexts rather than minimal
sets of projectors. All of the KS sets that we discuss in this
letter are critical KS sets, unless otherwise noted, and we
will often drop the extra descriptor for brevity. Criticality is
not generally obvious and must be verified through an ex-
haustive computational check.
The remainder of this letter is organized as follows: In
the next section we review the smallest known KS sets in
dimensions d = 3,4,6,8 and discuss their properties. In
the following section we review and improve methods intro-
duced by Penrose and Zimba [8], Cabello, Estebaranz, and
García-Alcaine[14], and Matsuno [15] for constructing new
KS sets from one or more known KS sets in lower dimen-
sions. We then apply these methods to the known KS sets
in d = 4,6,8 to generate and catalog critical KS sets in all
dimensions d ≥ 5, and conclude with a few remarks about
the implications of this work.
The Simplest KS Sets:— Here we review the simplest
known KS sets in d = 3,4,6,8, which we will use as seeds
to generate sets in all higher dimensions. We introduce the
compact symbol R − B to denote a KS set with R distinct
projectors (rays) and B complete contexts (bases). In gen-
eral, the projectors in a given set may be of different ranks
r and each may occur in a different number of contexts —
which we call the multiplicity m of the projector. We can
separate the projectors in the set into classes using these
properties, and in the more detailed symbol we give a se-
quence of Rrm values to denote the number,R, of projectors
of rank r and multiplicitym. Because the projectors may be
1 1 0 0 0
2 0 1 0 0
3 0 0 1 0
4 1 1 1 1
5 1 1 1 1¯
6 1 1¯ 1 1
7 1 1¯ 1 1¯
8 1 1¯ 1¯ 1
9 1 1¯ 1¯ 1¯
10 1 1 0 0
11 1 0 0 1
12 1 0 0 1¯
13 1 0 1¯ 0
14 0 1 0 1
15 0 1 0 1¯
16 0 1 1¯ 0
17 0 0 1 1
18 0 0 1 1¯
(a)
1 1 1 1 1 1 1
2 1 1 ω¯ ω ω ω¯
3 1 ω¯ 1 ω ω¯ ω
4 1 ω¯ ω ω¯ ω 1
5 1 ω ω 1 ω¯ ω¯
6 1 ω ω¯ ω¯ 1 ω
7 1 1 ω ω¯ ω¯ ω
8 1 ω 1 ω¯ ω ω¯
9 1 ω ω¯ ω ω¯ 1
10 1 ω¯ ω¯ 1 ω ω
11 1 ω¯ ω ω 1 ω¯
12 1 ω¯ ω¯ ω¯ 1 1
13 1 ω¯ 1 1 ω¯ ω¯
14 1 ω 1 ω 1 ω
15 1 ω ω 1 ω 1
16 1 ω ω 1 1 ω
17 1 1 ω ω ω 1
18 1 1 ω¯ 1 ω¯ ω¯
19 1 1 ω¯ ω¯ 1 ω¯
20 1 1 1 ω ω ω
21 1 ω¯ 1 ω¯ ω¯ 1
(b)
1 2 17 18
1 3 14 15
2 3 11 12
4 7 13 15
4 8 12 16
5 6 13 14
5 9 11 16
6 9 10 18
7 8 10 17
(c)
1 2 3 4 5 6
1 7 8 9 10 11
2 7 12 13 14 15
3 8 12 16 17 18
4 9 13 16 19 20
5 10 14 17 19 21
6 11 15 18 20 21
(d)
Figure 1: (a): The 18 indexed rank-1 projectors (shown as
kets) in the 181
2
− 94
4
KS set [13], with an overbar denoting a
negative sign. (c): The 9 complete contexts in the 1812 − 944
KS set, using the projectors from (a). (b): The 21 indexed
rank-1 projectors in the 211
2
− 76
6
KS set [26], with
ω = ei2pi/3 and ω¯ = e−i2pi/3. (d): The 7 complete contexts in
the 211
2
− 76
6
KS set, using the projectors from (b).
3of different rank, the number c of projectors in a complete
context may be less than the dimension d, and we also sep-
arate the contexts into classes by giving a sequence of Bdc
values to indicate that there are B contexts of c projectors
each (with the Hilbert space dimension d occurring as a su-
perscript in every such symbol). It is easy to look at these
symbols and check the parity property of a set, since all the
m must be even, and B (which is the sum of the individual
Bs) must be odd.
One of the simplest known KS sets [10, 11, 13] has the
compact symbol 18−9 and detailed symbol 181
2
−94
4
, showing
that it contains 18 rank-1 projectors, each occurring twice
among 9 complete contexts in d = 4, with each context con-
taining 4 projectors. The detailed form of the rays and bases
in this set is shown in Figs. 1a and 1c. Another simple KS
set [26] has the compact symbol 21−7 and the detailed sym-
bol 211
2
− 76
6
, and its projectors and contexts are shown in
Figs. 1b and 1d.
A rank-r projector Πr is an r-dimensional subspace,
which we represent with a spanning set of r mutually
orthogonal rank-1 projectors {∣ei⟩⟨ei∣}, such that Πr =
∑ri=1 ∣ei⟩⟨ei∣. There are r(r − 1) internal degrees of free-
dom in choosing the representative set for a rank-r pro-
jector. For example, given an orthogonal pair, ∣0⟩ and ∣1⟩,
that spans the subspace of a rank-2 projector, any other pair
∣e1⟩ = cos(θ/2)∣0⟩+ sin(θ/2)eiϕ∣1⟩ and ∣e2⟩ = sin(θ/2)∣0⟩−
cos(θ/2)eiϕ∣1⟩ spans it as well, and thus there are two inter-
nal degrees of freedom (θ andϕ) in choosing a representative
pair of rank-1 projectors. Regardless of its rank, each pro-
jector represents a single yes/no test in an experiment, and
thus there is practical value in finding the KS set with the
smallest number of general-rank projectors.
The next KS set [28], shown in Figs. 2a and 2b, has the
compact symbol 30−9 and detailed symbol 42
2
2
1
4
24
1
2
−88
7
1
8
8
,
showing that it has 4 rank-2 projectors of multiplicity 2, 2
rank-1 projectors of multiplicity 4, and 24 rank-1 projectors
of multiplicity 2, which form 8 contexts of 7 projectors and
1 context of 8 projectors in d = 8. One can obtain an all-
1 1 1¯ 0 0 0 0 0 0 18 0 1 0 0 0 0 0 1
2 0 0 1 1¯ 0 0 0 0 19 0 1 0 0 0 0 0 1¯
3 1 0 1 0 0 0 0 0 20 0 0 1 0 0 1 0 0
4 1 0 1¯ 0 0 0 0 0 21 0 0 0 1 0 0 1 0
5 1 1¯ 1 1¯ 1 1¯ 1 1 22 0 0 0 1 0 0 1¯ 0
6 1 1¯ 1¯ 1 1 1 1¯ 1 23 0 0 0 0 1 0 1 0
7 1 1¯ 1 1¯ 1 1¯ 1¯ 1¯ 24 0 0 0 0 1 0 1¯ 0
8 1 1¯ 1¯ 1 1 1 1 1¯ 25 0 0 0 0 0 1 0 1
9 0 1 0 0 1 0 0 0 26 0 0 0 0 0 1 0 1¯
10 0 0 0 1 0 1¯ 0 0 27 1 1 1 1 1 1 1 1¯
11 1 0 0 0 0 0 0 1 28 1 1 1 1 1 1 1¯ 1
12 1 0 0 0 0 0 0 1¯ 29 1 1 1 1 1¯ 1¯ 1 1¯
13 0 1 0 0 1¯ 0 0 0 30 1 1 1 1 1¯ 1¯ 1¯ 1
14 0 0 1 0 0 0 1 0 31 1 1 1¯ 1¯ 1 1¯ 1 1
15 0 0 1 0 0 0 1¯ 0 32 1 1 1¯ 1¯ 1 1¯ 1¯ 1¯
16 0 0 0 1 0 1 0 0 33 1 1 1¯ 1¯ 1¯ 1 1 1
17 1 0 0 0 1¯ 0 0 0 34 1 1 1¯ 1¯ 1¯ 1 1¯ 1¯
(a)
1 2 23 26 28 29 32 33
1 2 24 25 27 30 31 34
3 4 9 13 21 22 25 26
3 4 10 16 18 19 23 24
5 6 9 12 20 21 30 33
5 6 10 15 17 18 27 32
7 8 9 11 20 22 29 34
7 8 10 14 17 19 28 31
9 10 11 12 13 14 15 16
(b)
Figure 2: (a): The 34 indexed rank-1 projectors (shown as
kets) of the 21432
1
2 − 988 KS set [28], with an overbar
denoting a negative sign. (b): The 9 complete contexts in
the 21
4
32
1
2
− 98
8
KS set, comprised of the projectors of (a). If
the pairs of rank-1 projectors indexed j and j + 1 are
regarded as rank-2 projectors for j = 1,3,5,7 (shown in
boldface in (b)), this set can be reinterpreted as a
4
2
2
2
1
4
24
1
2
− 88
7
1
8
8
.
rank-1 34 − 9 set with detailed symbol 21
4
32
1
2
− 98
8
set by
reinterpreting each of the rank-2 projectors, shown in bold-
face in Fig. 2b, as any pair of rank-1 projectors that satisfy
Π
2 = ∣e1⟩⟨e1∣ + ∣e2⟩⟨e2∣.
Although we do not use them in this letter, we complete
our survey of the smallest known KS sets with the set of 31
projectors given by Kochen and Conway and the set of 33
projectors given by Peres [9], both in dimension d = 3. Both
of these KS sets involve incomplete contexts — meaning
that the third projector of the context is not included in the
original set. Since this letter only deals with KS sets involv-
ing complete contexts, we add projectors to each set in order
to complete all of the original contexts. The 33 rays of Peres
then give a critical 57 − 40 set, while the 31 rays of Kochen
and Conway give a noncritical 61−46 set, which we reduced
to a critical 49 − 36 set using a computational search. These
sets are detailed in the Supplemental Information.
4Methods of Generating New KS Sets:— Next we review
and improve upon several known methods of constructing
a new KS set using one or more known KS sets in lower
dimensions.
Improved Penrose-Zimba method:— This method was in-
troduced by Penrose and Zimba, who showed that two KS
setsR1−B1 in dimension d1 andR2−B2 in d2 can be com-
bined to give a new KS set R −B in dimension d = d1 + d2
with R = R1 + R2 and B = B1B2. If either of d1 or d2 is
odd, then this set is critical. However, we show that if both
R1 −B1 and R2 −B2 are parity sets — which only exist in
even dimensions — then we can construct a critical KS set
with B = max{B1,B2}. For simplicity, we let B1 ≤ B2, so
that B = B2.
To begin, we construct the set {Π1} by appending d2 ze-
ros to the end of each ket in R1 −B1 in order to promote it
to dimension d. Similarly, we construct the set {Π2} by ap-
pending d1 zeros to the beginning of each ket fromR2 −B2.
Together these are the R projectors of the new KS set of the
standard Penrose-Zimba method.
All of the projectors in {Π1} are orthogonal to all the
projectors in {Π2}, while each subset inherits the internal
pattern of orthogonality relations from its parent KS set. Im-
portantly, this means that the set of d1 projectors fromwithin
{Π1} corresponding to any one complete context inR1−B1,
along with the d2 projectors from within {Π2} correspond-
ing to any one complete context in R2 − B2, automatically
comprise a complete context in dimension d.
We explicitly construct the contexts inR−B by pairing off
each context in R1 −B1 with a different context from R2 −
B2, finally pairing the remaining contexts in R2 − B2 with
δB = B2−B1 extra copies of any one of the contexts inR1−
B1. The order in which they are paired is arbitrary, although
it can affect the ranks of the projector in the resulting set.
Because bothB1 andB2 are odd in a parity set, δB is even,
and thus the multiplicities of the projectors in the copied
context always increase in even increments, ensuring the
parity of the resulting KS set R−B. Note that we might also
1 2 3 4 5 6 1 2 17 18
1 2 3 4 5 6 6 9 10 18
1 2 3 4 5 6 7 8 10 17
1 9 11 7 8 10 3 14 15 1
2 12 14 7 13 15 3 11 12 2
3 12 18 8 16 17 4 13 15 7
4 9 19 13 16 20 4 12 16 8
5 14 19 10 17 21 5 13 14 6
6 11 18 15 20 21 5 11 16 9
(a)
7 3
8 15
10 14
13 12
15 11
16 4
17 13
20 16
21 5
(b)
Figure 3: (a): The 9 complete contexts in the
9
2
2
6
1
4
15
1
2
− 610
7
3
10
10
KS set (with the compact symbol 30 − 9),
starting from the projectors from Fig. 1a (italic script) and
Fig. 1b (plain script), and with the 18 projectors in boldface
comprising the 9 rank-2 projectors in this set, whose
constituent projectors are shown in (a). If each of the rank-2
projectors is replaced by a pair of rank-1 projectors
satisfying Π2 = ∣e1⟩⟨e1∣ + ∣e2⟩⟨e2∣, then this 30 − 9 KS set
gives rise to a 61
4
33
1
2
− 910
10
KS set with the compact symbol
39 − 9.
use copies of several different contexts from R1 − B1, pro-
vided that each is always used an even number of times; such
variations can give rise to KS sets whose projectors have dif-
ferent multiplicities. The criticality of the larger set R2 −B2
also guarantees the criticality of the derived set R −B.
As an example, we apply this method to the 1812 − 944 [13]
and 211
2
−76
6
[26] sets to construct a new 61
4
33
1
2
−910
10
set. The
39 rays in d = 10 are obtained by appending 6 zeros to the
beginning of those in Fig. 1a and 4 zeros to the end of those
in Fig. 1b, as described above. The 9 contexts of the new KS
set are shown in Fig. 3a, using italic script for the indexes of
the 18 rays originating from the 18 − 9 and plain script for
the indexes of the 21 rays originating from the 21 − 7. Note
the two extra copies of the first context from the 21 − 7 that
are used to pair all 9 contexts of the 18 − 9.
When combining two different KS sets, some number of
the projectors in the resulting KS set may comprise new
5higher-rank projectors — depending on the order in which
the contexts are paired. Specifically, if all m contexts con-
taining a particular projector fromR1−B1 are paired with all
m contexts containing a particular projector from R2 −B2,
then those two projectors combine into a single projector in
the new set whose rank is the sum of their two ranks. In gen-
eral, this means that the new R −B KS set may be reduced
to a more compact R′ −B set, with R′ < R.
The bases from the two parent sets in our example have
been paired off in an optimal way that gives rise to 9 rank-2
projectors within the set, and thus the 39 − 9 can be reduced
to a 9226
1
415
1
2 − 6107 31010 with the compact symbol 30 − 9.
Rank-Scaling method:— In what follows, we consider the
simplified case in which all projectors in the parent set are
rank-1, but this reasoning can be easily generalized to ac-
commodate general-rank projectors. When combining two
copies of the same R − B KS set of dimension d using the
improved Penrose-Zimba method, the two copies are put
in orthogonal subspaces of a 2d-dimensional Hilbert space.
Therefore each of the R projectors in the original set gen-
erates two orthogonal rank-1 projectors, and together these
two form a single rank-2 projector in the new set. The B
original contexts in dimension d then give rise to B contexts
in dimension 2d, each comprised of the d rank-2 projectors
in the same way that the original set was comprised of the d
parent rank-1 projectors. If a third copy of the original KS
set is added in yet another mutually orthogonal subspace, we
end up with rank-3 projectors in a 3d-dimensional Hilbert
space, and so on. Therefore an R − B KS set in dimension
d gives rise to R −B KS sets in all dimensions nd, with the
ranks of the R projectors scaled by a factor n, and the struc-
ture of the B contexts unchanged (i.e., with all projectors
replaced by their rank-scaled counterparts).
Cabello, Estebaranz, and García-Alcaine method:— An-
other method, given by Cabello, et al. [14], can be used to
obtain new KS sets R′ − B′ in dimension d′ from a known
set R−B in dimension d, with d < d′ < 2d, R′ ≤ 2R+3′ and
B′ ≤ 2B + 1, although in general the new KS set is neither
critical nor a parity set. In order to obtain the new set we first
take the original R − B set, and append δ = d′ − d zeros to
the end of each ket to construct R d′-dimensional projectors
{Π1}. Likewise, we constructR projectors {Π2} by append-
ing δ zeros to the beginning of the kets fromR−B. Next, we
define the rank-δ projector Πl onto the first δ dimensions of
the new d′-dimensional space, the rank-δ projector Πr onto
the last δ dimensions, and the rank-ρ projector Πc onto the
center ρ = 2d − d′ dimensions, such that these three projec-
tors comprise a complete context. The projectors of {Π1}
together with Πr comprise B more contexts, and {Π2} to-
gether with Πl comprise yet B more. This gives rise to a
KS set with B′ = 2B + 1 contexts, which is not critical in
general.
Improved Matsuno method:— Matsuno [15] refined the
Cabello et al. method to obtain the explicit lower bound of
R′ ≤ 2R − 1 or better, which depend on the details of the
all-rank-1 parent set R − B. In order to apply this method
to KS sets with projectors of arbitrary rank, we choose a
particular decomposition of each higher-rank projector in
terms of rank-1 projectors, which usually results in some
groups of rank-1 projectors that comprise higher-rank pro-
jectors in the new KS set. The Matsuno method only works
if some specific subset V of δ projectors from R −B com-
prise an orthonormal basis for the first δ dimensions of the
d′-dimensional space, and thus some unitary may have to be
applied to the entire set R−B to put one context into a suit-
able form. To apply this method, we begin by constructing
the set of R projectors {Π1}, just as in the Cabello et al.
method. Next we define the block transformation matrix in
d′ dimensions,
T =
⎛
⎜⎜⎜⎜
⎝
0 0 Iδ
0 Iρ 0
Iδ 0 0
⎞
⎟⎟⎟⎟
⎠
, (1)
which swaps the first δ dimensions of the new space with
the last δ dimensions, where Iδ is the identity matrix in di-
mension δ and Iρ is the identity in dimension ρ. Then we
construct the set of R projectors {Π2} = {TΠ1T }, which
6automatically contains at least one duplicate of a projector in
{Π1}. Once these duplicates have been removed, the union
of {Π1} and {Π2} gives the R′ ≤ 2R − 1 projectors of the
new set. In general, the complete set of contexts formed by
the new set of projectors is noncritical, and must be searched
to find critical subsets.
We improve the Matsuno method by giving an explicit
construction for theB′ ≤ 2B−1 contexts of a criticalR′−B′
KS set, without the need for a search. We label the subsets
of new projectors corresponding to the orthonormal subset
V in R −B as {ΠV1 } and {ΠV2 } — respectively before and
after the action of T . Each of the B d-dimensional contexts
in R − B that appear within {Π1} can be promoted to a d′-
dimensional context by adding the subset {ΠV
2
}, and like-
wise each of the B contexts that appear within {Π2} can be
promoted by adding the subset {ΠV1 }, producing 2B con-
texts in total. Now, when the duplicate projectors are re-
moved from {Π2}, their labels within these 2B contexts are
replaced with the corresponding labels from {Π1}, which
causes at least one context in the set to become a duplicate
of another. Removing these duplicates leaves theB′ ≤ 2B−1
contexts that comprise a critical R′ −B′ KS set.
Results:— Applying the methods of the previous sections
to the simplest known KS sets in dimensions d = 4,6,8 al-
lows us to construct the simplest known KS sets in all di-
mensions d ≥ 5 [38] — which are parity sets for all even d.
In Fig. 4 we show the numbers of projectors in the smallest
KS sets obtained by these methods for all dimensions, using
either general-rank projectors (Rr − B), or all-rank-1 pro-
jectors (R1−B) as alternative standards for ‘smallest,’ since
these are optimal for different applications.
Note that 18−9, 21−7, and 30−9 are the only entries that
appear in the Rr −B column of Fig. 4 for even dimensions,
because for integers l, n ≥ 1, any dimension 4l has 18 − 9
KS sets, any dimension 6n has 21−7 KS sets, and any other
even dimension can be obtained as d = 4l+6n, giving 30−9
KS sets using the improved Penrose-Zimba method.
For odd dimensions, we apply the improved Matsuno
Figure 4: Simplest known KS sets with the compact symbol
R−B in dimension d, with integers n, l ≥ 1 andm ≥ 2. The
simplest known KS sets using projectors of any
combination of ranks are listed under Rr −B , while the
simplest using only rank-1 projectors are listed under
R1 −B. These sets are obtained by some combination of
the improved Penrose-Zimba method, the rank-scaling
method, the Cabello et al. method and the Matsuno method,
as explained in the text. All of these sets are critical, except
for the last two rows, for which the smallest critical subsets
are unknown. There are redundancies and alternative
choices throughout this list. Explicit examples of these KS
sets for all 3 ≤ d ≤ 11 are given in the text for even d and in
the Supplemental Information for odd d.
d R
r −B R1 −B
3n 49 − 36 49n − 36
4n 18 − 9 18n − 9
5n 29 − 16 29n − 16
6n 21 − 7 21n − 7
7n 32 − 12 32n − 12
8n 18 − 9 34n − 9
9n 39 − 13 39n − 13
10n 30 − 9 39n − 9
11n 40 − 12 40n − 12
6m + 1 43 − 12 (21m + 11) − 12
6n + 2 (21n + 13) − 9
6m + 3 57 − 13 (21m + 18) − 13
6n + 4 (21n + 18) − 9
6m + 5 61 − 13 (21m + 20) − 13
6n + 4l 30 − 9
2n + 5 45 − 15
2n + 3 39 − 19
method to the 21n−7 KS sets in dimension d = 6n to obtain
the entries 43− 12, 57− 13, 61− 13 in the Rr −B column of
Fig. 4 for odd dimensions. Notice that in d = 11, the original
Matsuno method followed by a computational search yields
a smaller critical 40 − 12 KS set than the improved method
(41− 13); however complete searches quickly become com-
7putationally intractable as the dimension increases, and thus
the smallest KS sets that can be obtained by this method are
not known for d ≥ 13.
If we prefer to minimize the number of projectors over
the number of contexts, the original Cabello, et al. method
applied to the 21n − 7 KS sets gives generally noncritical
45 − 15 KS sets in all odd dimensions d ≥ 7, and applied to
the 18n − 9 KS sets in d = 4n gives noncritical 39 − 19 KS
sets in all odd dimensions d ≥ 5.
These methods also produce all-rank-1 KS sets in all
dimensions d ≥ 9, which are fundamentally built around
the 21n − 7 KS sets in d = 6n, either combined with
other seed sets in dimensions d = 4,8 using the improved
Penrose-Zimba method, or generalized to odd dimensions
d = 6n + 1,3,5 using the improved Matsuno method. As
a result, the maximum number of rank-1 projectors in any
such KS set scales as R ≈ 7d/2 for large d, which improves
on the previously known scaling of R ≈ 9d/2 [8, 14, 20].
Finally, our results reveal several aspects of the hierarchy
of KS sets that were not previously known. Most impor-
tantly, the number of complete contexts in a minimal KS set
does not scale with dimension d, and we have shown that
these sets require at most 7 or 9 contexts in any even dimen-
sion and 12 or 13 contexts in any odd dimension. Next, the
number of general-rank projectors in a minimal KS set also
does not scale with d, there being at most 18, 21, or 30 pro-
jectors in any even dimension and 39 in any odd dimension.
We hope that the new KS sets and methods we have pre-
sented, combined with the existing ones we have reviewed,
give an up-to-date picture of the state of the art. Beyond
their foundational significance for tests of the Bell-Kochen-
Specker theorem or quantum nonlocality [29, 30], the gen-
eral hierarchy of minimal KS sets presented here should
also be ideally suited for a number of proposed applications
of KS sets, including quantum computation [3–6], quantum
key distribution [31–33], parity oblivious transfer [34], ran-
dom number generation [35], quantum dimension certifica-
tion [36], and relational database theory [37].
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Figure 1: (a) & (b): The 29 indexed projectors (shown as kets, where an overbar indicates a negative sign) and 16 contexts of
the critical 29 − 16 KS set in dimension d = 5, obtained by applying the Matsuno method to the 4-dimensional 18 − 9 KS set
of Fig. 1a of the main text. (c) & (d): The 32 indexed projectors (shown as kets, with ω = eipi/3) and 12 contexts of the
critical 32 − 12 KS set in dimension d = 7 obtained by applying the Matsuno method to the 6-dimensional 21 − 7 KS set of
Fig. 1b of the main text.
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Figure 2: (a) & (c): The 39 indexed projectors (shown as kets, with ω = eipi/3) and 13 contexts of the critical 39 − 13 KS set
in dimension d = 9 obtained by applying the Matsuno method to the 6-dimensional 21 − 7 KS set of Fig. 1b of the main text.
(b) & (d): The 40 indexed projectors and 12 contexts of the critical 40 − 12 KS set in dimension d = 11 obtained by a
computational search of the 41 − 24 given by applying the Matsuno method to the same 6-dimensional 21 − 7 KS set.
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Figure 3: (a) & (b): The 49 indexed projectors (shown as kets, where an overbar indicates a negative sign) and 36 contexts of
the smallest critical KS set known in dimension d = 3. Completing the contexts of the set of 31 projectors discovered by
Kochen and Conway gives a noncritical 61 − 46 set from which this critical set was obtained using a computational search.
(c) & (d) The 57 indexed projectors and 40 contexts of the critical KS set in d = 3 obtained by completing the contexts of the
33 projectors discovered by Peres.
